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ABSTRACT

The past few years have brought an increased interest in the scien-
tific approach to decisfion-making. Current literature generally coencerns
itself with analytical theories.

This paper investigates «n application of the statistical decision
process to the problem of ASW tactical decisions. The Bayesian decision
process is utilized.

The paper analyzes the basic ASW decision problem with emphasis on
the uncertainty aspect of a possible submarine contact. A mechanism is

developed to formally connect the general problem areas.

ii

P e O

e e s s

ot RS, 2ot




RIS SIS

TABLZ OF CONTENTS

. ’ Section Title Page
Abstract ii

, é ‘ List of Illustrations iv
1. Introduction 1

f 2. Factors Influencing the ASW Commander's Decision 3
3. An Illustrative ASW Contact Situation 6

4, The Statistical Decision Process 10

3 5. The Statistical Decision Process Applied to the

ASW Problem 18

6. Sensitivity Analysis 29

] Z 7. Information Decisions 33
8. Tactical Use of the Bayesian Decision Process 34

Bibliography 47

4 wen Theam Gee e b8 TN g R S e LSa e Y g AR S o

Liaze b et

T T s - !

X ) Gadid

s n o BN IR s ey iy = <o <
.

iig

=

o™y

e AT AT BT Was M m P

;"‘g('n: o~ WWW“ N




e

Suw e w CeelRem S M pevaves  pEvase-e B A3
-

4 Ren R s i 4 & b bt ¢

LIST OF ILLUSTRATIGNS

S-2/Radar Initial Detection Probabilities (assumed;
§-2/Julie Contact Confirmation Probabilities (Asguned)
S8-2/Julie Contact Confirmation Probzbilities {Assumed}

Helicopter/Sonar Contact Confirmation Prebabilities
(Assumed)

Helicopter/Sonar Contact Confirmation Probabilities
(Assumed)

Destroyer/Sonar Contact Confirmation Probabilitiss
(Assumed)

Destroyer/Sonar Contact Confirmation Prebabiliciss
{Assumed)

Expected Value Nemogram
Expected Value Nomogram
Expected Value Nomogram

Expected Value Homogram

iv

Page

e
N

i

o~

D T e

+

. ol . AV ng Y [T AN ORI v A AL &
[l ‘R‘Mﬂm\“‘ﬁ“l!BY\\““““““‘Wnlmtw». 4 < AVR 1T (ORI VRO AOE O I 41 4t BN AT o SA Y ‘\ "
.




wibe s

o

S Y ATTTATRTY | TSy A
B A L T LT IR T B TR I MUY ittt M s SR n,.\\mmv\u:. MERLARAR LA R

G

1. Introduction.

A large amount of literature is presently available on the theory

of decision-making, and investigation of the subject continues. Ceatem-

porary interest in the analysis of the decision-making process is gener-

ally attributed to the published work of von Neumann and Morgenstern. [17]

The majority of the literature concerxns itself with analytical theories

of the process. A few writers have attempted to apply the theory to

specific real world decision problems. [6,7]

One of the purposes of postgraduate education at the U. §. Naval
Postgraduate School is to provide the student with sufficient scientific
and technical background to permit him <o £ill the middle-ground between
the scientist and the naval officer ~- to provide the capability of in-

terpreting present technical theory ard development with an eye toward

its application to naval warfare. This paper is an exercise in such

interpretation. It is an investigalion of the current literature on the
-decision-making process with a specific application to the decisfion prob-
lenms of an anti~submarine warfar: commander.

This paper attempts to analyze the ASW commander’s tactical deci-
sion pruoblems, fThe objective of the commander's analysis is to select a
particular course of sction, £rom among the available courses of action,
that is consistent with the commander's desire for a particular result.

The heart of the problem 48 the uncartainty associated with a ‘'pos-

aible submavinc contact®; an indicarion fram ones or more deieciion sensors

£hat a submarine is present, Is it & submarine or isn't 1t?

This uncertsinty is currently being evaluated by the commander and

his steff on the basis of experience and a particular "feel” for the ASW
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tactical situation. The purpose of the analysis in this papev £s to pro-
vide a formalism for taking into account the commander’s preferences and
the degree of contact uncertainty, rather than leaving it ¢o the deci-
sion~maker's unzided "feal® for the problem.

An effort has been made to avoid the extreme technical terminology
and mathematical theery prevalent in much of the academic aud theoreti-
cal expositions of the subject. An attempt is made to confine the dis-
cussion of theory to relevant areas of interest to the military reader.
Although an ASW Hunter-Killer Group situation is used as an illusirative
vehicle in investigating the decision problem, the anzlysis is equally
applicable to maritime patrol aircraft and surface escort operations.

This paper 4s an analysis of the basic decision prcblem with empha-
sis on the uncertainty aspect of a possible submarine contact. A wmecha-
nism f{s developed to formally connect the general aspects of the problem.

The Bayesian decision approach is utilized,
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2. Factors Influencing the ASW Commander's Dreisica

The generation of a pessible submarine ¢onticr 1., .oty -submvrine
warfare operations will pose variocus decfision requirenunts £or an ASW
commander, Among the \decisions to be made ace, whethe: ot not to prose-
cute the contact, whether or not to provide additicnal ferces, and
whether or not to expend weapons,

Inherent in the criteria for these decisions is the weight the
decision-maker places on the consequences of 1) classifying a non-sub-
marine contact as submarine, 2) classifying a submarias centact as non-
submarine, 3) classifying a non-submarine contact as unon-submarine, and
4) classifying a submarine contact as submarine. The cansequences of
each alternative classification will vary with the particular tactfcal
situation. For instance, classifying a valid submarine contact as non-
submarine when defending a continent against missile launching submarines
would be much more critical than making the same classification in a
force-support situation with the contact fifteen miles astern of a fast
moving carrier task force.

Inputs for ‘these decisions .include forces and weapcus avaiiable,
‘the number of contacts currently being prosecuted, and the prospects of
additional wvalid contacts.

The solutions to ‘these decision problems are typically dased oo
‘the "feel' :that a commander and his staff have for the anti-submarine
warfare problem. 'This '*feel! iz nrimzcilsy the tesull of past expevience,
The increasing distance in time since World War 1I, coupled with the
increased complexity and sophistication of airberne, surface, and sub-

surface ASW equipments dictates that this experience be gained during
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peacetime training exercises,

The inborn artificialities of exercf{se situations tend to obscure
many of the crucial inputs that must necessarily be considered in a war-
time situation. As an example, training exercises span a specified time
puriod, typically 72 to 96 hours. The number of opposing submarines is
generally known. Weapons are simulated by sound charges that can be
carried in large numbers. These artificialities have, in past exercises,
led to decisions to commit forces at a rate that would make them ineffec-
tive after 96 hours of operation. The exercise tactic of attacking
every contact with a simulated weapon is not compatible with the number
of actual weapons available, nor with the load capability of the delivery
vehicle. In addition, the generation of simultanecus contacts in excess
of the number of target submarines known to be assigned tc the exercise,
results in some contacts being suspect on a purely aumerical basis,

These factors bias tactical decisions and would not be present during
wartime operations.

The effects of these exercise artificialities can be reduced or
eliminated by realistic exercise limitations. However, toco stringent
limitations as to assignment of forces and expenditure of simulated
weapons reduces the training and experience available to ifadividual
units participating in the limited exercise periods.

The critical parameter in the ASW commander's decision problems is
with & given contact. Statistical data from
exercises where valid reconstruction has been possible points up the
degree of uncertainty associated with every contact. The effect of this

uncertainty during exercise situations is somewhat obscured during the
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exercise by the desire to work individual ASW units in every pessible
contact area. This is a spurious fnput factor to the required experience
and "feel" of the decision maker.

The objective of any analysis of the ASW commander’s decision prob-
lem is8 to identify a course of action that is logically coonsistent with
the degree of contact uncertainty and the consequences associated with
each available course of action. The analysis can reasonably be divided
into two areas for discussion. fThe first area is that of contact uncer-
tainty. The second area considers the c¢onsequences of vach course of
action,

Contact uncertaianty, in the parlance of the statistician, i3 uncer-
tainty due to the state of nature. A given contact is either a submarine
or it is not. Here the two states of nature are sutmarine, or non-sub-
marine,

The consequences of various courses of action can be analyzed by
subjectively associating a value judgement or utility with each action.

A given action will produce a desirability of result for each possible

state of nature. This i3 more nearly a problem in predictfon.
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3. An Illustrative ASW Contact Situatfon.

The following hypothetical ASW contact situation wiil he used as 2
vehicle to discuss pertinent aspects of the decisica problom.

Suprose that an ASW Runter-Killer Task Group is escorting & wercan-
tiie couvry during its mid-ocean transit. The convoy is following an
estudlizrh2d convoy route. It is proceeding with a tea knot speed-of-
advance. The ASW group has the responsibility of providing ASW protec-
tion for the convoy for 2 distance of 1,500 mile3 -~ a 3ix day (ransit
period.

The hunter-killer group is composed of an ASYW zircvaft carrisr with
a deck loading of fixed-wing searchk aircraft (5-2), and sonar-dipping
helicopters (SH-3). The carrier is escorted by seven destroyers,

The force is steaming in a typical disposfition. 1Two $-2 search
afircraft and four helicopters are maintained in a "ready' status on the
carrier.

An S-2 search aircraft reports a disappearing radar contact and
investigates the area with "Julie". A "Julie" echo confirmation is
obtained., Two S-2 aircraft and four helicopters are launched froam the
carrier to assist in prosecuting the contact. fwo destroyers in the
vicinity of the contact are also sent to the contact area. (ue helicep-
ter gains sonar contact; another helicopter classifies the contact as
non-submarine. One of the alerted > 2 aircraft obtaincs a pessibie Julie

fix; the other S-2 afrcraft doag naot attemer lo

=—r

icn., One dca\.tuyéf
gains sonar contact; the othker destroyer classifies tha contact as non-

submarine,

On2 of the S-2 ajreraft drops a weapon on the contact based upon
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localization information. Weapon detonation is nst obscrved, 1Two §-2
afrcraft, two helicopters and one destroyer remafn in the coatact area
to conduct close search and localization until the areas of cortact is
well asternu of the convoy.

During the time interval required for the ccnvoy to clear the origi-
nal area of contact, relief aircraft avd helicopters are leaunchud from
the carrier to replace those previously on station {n the coatact area.
While this contact is being actively prosecuted three additional contact
incidents are generated by other units of the ASW force,

This hypothetical contact situation provides a typicai scenario of
actions and interactions of units within this ASW force. Iwbedded
witl in this contact situation are numerous tactical decision problems,

The finitial report of a disappearing radar ccntact by the secarch
aircraft was the result of a specific decisicn. The plane cowrmandey of
the search aircraft decided that sufficient informatfan was availapie o

classify a particular senscr indicatf{on as a possible submarine.

additional forces., The commander's estimate of the %z

A
Soe
o\
We
BN
L33

~
N
RS
N

Nl
g
O
Q
A
»
\

tact, combined with an apprecfation of tke curreail tzeiicsil gigwazion,
dictated the number and type of additforal wniiz to Le zeat Lo the Lon-
tact area.

The decision to attack the coatect wikth 2 ¥espon was zi2d a (hw
aircraft commander's {or thz contact ares commondey’z} istimate of tre
validity of the contact just prior to weapos ¥elesse.

The decision %o maintain foreces fn the <onisry Lvza Lriil the
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convoy was clear of the area was & result of the ASH courmander's esti-
mate of the threat, weighted by a subjective probability ceasure that
the contact was in fact submarine,

This {8 a somewhat abbreviated description cf the step by step
analysis that would take place in this typical situvation. Some of the
actions and decisions cited are probably a result of standard operating
procedures and policies rather than specific decisions resulting frcm
conscious analysis at discrete pericds in the tactical sequence. For
instance, general guidelines are usuvally promulgated to fndicate wkat
combinations of sensor response will make an attack profitable.

Soner has proven ts be one of the best leczlization and classifice-
tfon equipments avsiiable., Development of the sonar-dipping helicopter
provides the czzgeiliity of putting sonar equipment inic the coatast area
at za zecelerated rate, The sonar equipment in a helicspter {5 gener~
aily leszs effective than destroyer senar, but the helicopter arrives at
the centact area much sooner than the destroyer, This developwent tends
to di‘ts® che zyszz and numbers of units that the ASW cozmander will
order .c 4 contact area after sufficient weight fs given to the degree
of contact uncertainty and the current tactical situwation.

Every decision made during a contact incident is ultimately the
vesponsibility of the ASW cormander. Some decisions are vade by unit
commanders within certain limitations previously specified by the ASW
commander, The decisfon to launch a weapéﬁ is generally included £n
this area., For completeness, these decisions might be termed pre-planned
decizion rules, Each of these decision problems might profitably be ana-

tyzed and studied.
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The major decisions, the ones which effectively control the overall
actions of the force, are made at discrete irtervals by the ASW com-
mander. These are the decisions of primary interest here. The zain
emphasis will be upon the commander's decision to prosecute fully a
given contact, or to "drecp" it.

There is one aspect of this particular decision problem that appears
unique. After a decision has been made to disregard a particular contact,
it is often possible to hedge the decision. 1In the illustrative situa-
tion just cited, if the commander had decided to drop the contact, the
decision might have been hedged by assigning, say, two aircraft teo remzin
in the area until the initial contact location no longer posed a threat

te the convoy.
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4, The ScatistIEal Decision Process,

An ASW commander faced with a contact decisfon problem has particu-
lar information available to him. He is aware of the sverall tactical
situation. He has been apprised of the technical aspects of the ASW
equipment within his force, and the local enviroamental conditions.

The commander can solve the decision problem using an fnformal deci-
sion method, On the basis of kaown facts, his experience, judgement and
intuitive feel, he can decide to drop the contact, or supply additicnal
forces to fully prosecute the contact.

The other alternative is to systematically analyze sach factor in
the decision problem and apply relevant statistical decision rules to
aid in the decision.

HMost aspects of these two decision methods are guite similar. The
statistical decision process is but a formsl method of censidering facts,
assumptions, and sbjectives that bear on decisions under uncertainty,

The military readsr will be aware of the step by step formalism in
the commander’s "Estizate of the Situation" set forth fn the publication

Joint Action Arwed Forces., The major steps in the estimzte are 1)

Mission and its analysis; 2} Situation and courses of zctisa; 3} analy-
sic of opposing courses of action; 4} Comparison ot >+n eourses of action;
and 5) the Decision.

Steps in the statisticzl desision process feliow 2lesely this mili-
tary planning outline. The emphasis %in the statistical decision methed
is on the concept of “expacted value” associatesd with a given action.

It will bs well to discuas firs: the basic concepts of the decision

process in terms of a simplified example, using the probabilists’ classic

urn.
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Consider an urn containing 85 white balls. 4 handful of 30 black
balls is tossed at the mouth of the urn. You are then offered the fel-
lowing proposition. An individual will reach into the uran and withiraw
a single ball. Before the ball is withdrawn you are to guess whether
the ball wi{ll be black or white. If you specify a black ball and a
black ball is drawn you and the individual drawing the bali will win a
total of §113; but if the bail is white you will both lose a total of
$20. 1I1f you specify a white ball and a black b»all is drawn your com-
bined loss will be $255; but if the ball is white you gain a total of
$45.

This information i3 displayed in the following payoff table,

ACTION
EVENT A, - Specify | A, - Specify
a white ball. | a black bail.
Ep - Draw a
black ball. - $255 S113
E, - Draw a
white ball. $45 - 820

When the black balls were tossed at the mouth of the urn, you esti-
mate that 15 of the black balls dropped into the urn.

Your analysis of the situation might proceed in the foliowing man-
ner. From the informatfon available and your observation of the toss of
the handful of black balls, you feel that the urn now contains 100 balls;
85 white and 15 black. This would tranglats dntc probabilities of G.15
for drawing a black ball and 0.85 for drawing a white ball.

With an intuitive approach you might feel that your chances for

gain would be better if you specified a white ball, {i.e., tonk action

11
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The "odds" appear to be in favor of a white beil being diawn,

Using the expected value appreach, however, githry action would &

equally profitable. Puiting the probabilitiss infs the payoff takis,

we have:

Probabilicy ACTLON
EVENT cf the event| &, - Specify Ay - Specify
occurring. a white bail.l s black ball.
Eb - Draw & enez s1a
black b&ll. 00 15 Sk FD 5‘.&.}
Ew ~ Draw a n 8:— 5% Pt
(S e C 3 - 323
white ball. s T

The fact that the svegt £ has 2 zolatiyeiy bigh probabilify of

occurring weighs heaviliy ia fts favor, But gvent £, , drawieg & black

ball, has some weight nc mather how small, If the resuils of

"

1,
o~

3
™
&

\.

i

action are weighed with raspact rs the spropssad payeff snd the proba-

bility of occurrencs for each sveniz, a3 Hyosohted average payoff", of

expected payoff cen b2 dorsrmined,

For acticm &, the expacted payosff is:

(0.15)¢- 3253} 4 (0.853{845) = $ €0

2

For action &; thz expected payoff is:

(0.13)§8113) 4 £8.853¢- $20) = $ 00

L5

Using the starizxical decision approsch, tihe decision zule for waxi-

mizing gain (or minimizing loss} is to tzke the action having the highez

expected return, Io this essmple, either action gould be specifisd with

the same average refery, zere dollars,

This decisiop fale 45 reistive. Had the espected returns been

equal to one cent snd ¥ete, deciding in Favor of the actitn with a one

12
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cent expzeted value would be somewhat marginal. The question is, how
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. much "kigher" should opne's expected return be to justify decading in its

f£avor., This gquestion must be considered within the context of the par-

+izular decision problem,

T

As e fuyther illugtration, suppose the same game of chance ts pro-

g pased. Bat in additicn. the individual drawing the ball from the urn is ;
§ nifered an opporiunity to csnduct a series of experiments. He is allowed :

E? %o dravw a ball from the urn, note its color, and then replace it. The

%i experiment to be zenducted a maximum of 100 times. You sre alse told

% % that theve is 5 minute difference in the surface texiure of the white

%Iﬁ Znd black balls., 1In all cther respects, save the color ard texture, the

égi balls =2re idencical. When the experimants are completed a color is tc be

Eé; % specified and a8 siugle bdall is to be drawn, as before.

The payeff matrix will be the same as for the first example. The

L e 1 Bt e A PO

:é;%’po#éxiity $o eonduct the experimonts will cost S5, regardless of the
outeszs of the final gomble, This latter aspect is in acesrd with the
Bémewhet rezlistic cbanrvation that {aformation genaraily commands a
price. \
The individual Zrawisg 2% balls from tha ura is allowed ¢o iLest :
the textura 2f ooz Bizck sund one ¥hite ball orior ko conduciing the pre-~
Iimizezy sempling, |
_ Bessusz of the higher payoff for specifving a black bail and then
rawizg 2 %lack ball, the individual Zrawing the ball would like
sclect 2 dlsck ball fxom the ura on the payeff draw,

2%inz ewpzrizent he attemsis 2o select a black ket
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are black. That is, in attempting tc\draw a2 black 221l &+ resting the
texture, the (ndividual drawing the balls was siccesazivy 23 percent =t
the time,

This problem is somewhat less amenable to an awtuitive decisien due
to the added complications of the experiments and the cnst of experi-
menting.

For the statistical decision precess, uge i3 wmade of the following
equaticn, due to Bayes, to weigh the information available.

P(SIEy) B(Ey) (13
S P(SIE;) P(E;)
J

P(E;1S)

where P(EilS) denotes the condfitionzl or relazive

probability that event E4 will occur, given the hypotikesisz thet § is
known to have occurred.

An explicit form of equation ¢1), more peytinent te tha example

under discussion is:

P(Sp| Epy P{Ep}

s 2 : {23
PEISH) = 5U5,TEyY PUE,) + BlSsl Ty L I

In the example under discussion By and g, are rhe cventz "graw e
Black dall" and "draw @ white ball™. The symbola S, and S, denote the
bypothesis that the individeal drawing the ball “savs" that he is draw-
ing or atvtewpring to draw a black or a wkite bailt

P(E,) in equation {2) is the "z priori" probability of drawing a
black ball., Yhis is sometimes referred to as the actuzl or criginal

probability. P(EG|Sy) is the "a pesteriori" probarility of drawing &

black ball; often called the new or gafned probability. The a posteriors

probability is the new probability of drawing =z bizzk b2ll wvhen the
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infermation on the capability of the individval to ¢ w3 black ball is
cons idered.
Using equaiion {2) to compute ths comprand prababiisgy cf drawing &

black ball:

P{E,|Sy) = (0.25)¢0.15) s 0.056 «
EplS) = 575505 15) + (0. 75500555

Considering the original estimate of the number of black and white
balls in the urn, and the information geined fzony conducting the expera-
ments the probability of drawing a black bail as waw 9,756, The proba~
bility of drawing 2 white ball, under these csnditiors, 18 cne ninus this
amount, or 0.944, Putting these probabilities into the payoff table, we

have

[ PRORA- | __action _
EVENT) p1utry | A, Ay

B, | 0.05 | -$260{ 5108

B, | 0.944 | 40 | - 825

Expected vilue: | $23.14 { -S17.55

The individual pajeffs reflect the five dollar informeation cost,

Using the statistical decision rule to chuose the acti.n with ths
higher expected payoff, action 4&,, specify a white ball, is indicated,

It should be noted that the individua''s attempt to draw a black
ball produced a counter-effect on the decision. Ever though he was
attempting to drow a bluck ball, the experiments indicated that there
was a positive conditional probability of 0.75 that ke would draw a

white ball., To disregard this finformatfion, with the idea that the
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individual was not very adept in drawing black bdalis, wouwld reduce the
problem to the original example haiviag cFuak f«yuored payoffs,

1f after reviewing the results of the expariments, the individusi
nad decided to try to draw s white ball om the final gmble, the histori-
cal information gained from the experiments would be meaningless. Tae
experimental conditions and the conditicns under which the final draw
would have been conducted would not have been the sape,

Had the experiments resulted in a sempie of 65 black balls in LD
draws the expected payoffs wouid have bsea - 335 for actiocn A, and $8.25
for action Ay. In this case actfon A, specify & biack bail, would have
been indicated,

These two examples have introduced two interpretations of proba-
bility and the concept of expected value.

Classically, probabilities have been interpreted in tl_ relacive
frequency sense. For instance, the probability of ohserving "heads' on
the toss of an average coin is ¢.5. This means that if the ceoin is
tossed cver and over again, the number cf heads obsarved will cend to
equal the number of tails observed. 1t does not mean tha:t if the coin
is tossed ten times that five heads will be observed.

Using a decision rule favering the higher expected wvalue, fn this
sense orf a "long-run average', would be valid ounly for events that ave
to be repeated over and over again. To use thz ieng-run average based
on the relative frequency interpretation of probabfility to specify the
outcome of a single toss of the coin wsould have no meaniang.

Personal or subjective probabilities are not assertions of relative

frequencies., They are instead a measure of an i{ndividual's subjective

16
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feeling as to the probable outcome of a particular eveat, Subjective
probabilities are often the same as relative frequency probabilfties, as
is generally the case for the toss of a coin. This {3 zn iadication
that the only information available is the historiczl resuits gained
from tossing average coins. But if additional information were avail-
able regarding a particular coin, that it was bent, or that it was
peculiarly weighted, then relative frequency would be only one factor
to consider in specifying a personal probability for the toss of this
particular coia,

Using expected value as a guide to decision on the basis of personal
probabilities is not dependent on the long-run average and the repetition
of an event, It can logically be used as the basis for a single event

decision.

17
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5. The Statistical Decision Process Applied to the ASY Probiem,

The statistical decision concepts of the pravicus sectinns can be
applied to the anti-svbmarine warfare contact situation. Pertinent
factors in the hypothetical contact situation set forth ia Section 3
can be analyzed in a manner similar to that used in the ball and urn
examnple.

Somewhat realistically, it will be assumed that the ASW commander
has access to the following information:

a. Intelligence estimates indicate that from 7 o 15 of the enemy's
fleet of submarines are probably assigned to the 1,500 mfle segment of
the convoy route under discussion.

b, Records of previous exercises and convoy operations show that
each airporne search unit will generate an average of 15 contact incidents
for each 10,000 square miles searched.

c. There is a statistical measure of uncertainty for initfal detec-
tion and contact confirmation incidents that can be associzted with each
ASW vehicle/sensor type. The uncertainty measures are in the form of
relative frequency probabilities cbtained from reconstructed ASW exer-
cises.

Faced with a typical contact decision procblem, the ASW commander
must choose between two possible courses of action:

A, - "Drop the contact”; no further attempt is made to lecalize or

L d »
artacl: tha contact.

A_ - "Prosecute the contact"; provide additional forces tc attempt
localization and kill,

There are & large number of possible actions avzilable to the ASW

commander, most of which are not relevant to the problem at hand,

18
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Although there are more than two feasible and relevant courses of actica
available, the present discussion will be limited o the two zcticons
stated above.

In terms of the previous discussion of the statistical decision
process, thexre are two possible events or ocutcomes; two possible ''states
of nature®,

E, - The contact is not a submarine.

Eg - The contact is a submarine,

The third factor needed to construct the payoff wmatrix is the pay-
offs themselves. Monetary payoffs of the kind used {n the ball and urn.
example are not entirely meaningful here. The concept of utility or
utility-value is broader and can include the monetary aspect,

The ASW commander makes a value'judgement as to the relative utility
of taking a particular action under the assumption that the contact is
or is not a submarine, These wvalue judgements are t:zusformed into nu-
merical values which are intended to describe the commander's subjective
ideas as to the relative value of specific cutcomes., Inherent in this
concept of utility-value is the commander's estimate of the consequences
of disregarding a contact that is in fact a submarine, of prcsecutiag a
contact that is not a submarine, etc. These utility-valusg are not con-
stant, they can and will change with changes in the tacticazl situation
ard the missior of the ASW force.

For the hypothetical coatact situation previously cited, the numbers

representing an assumed set of such value judgements are listed in the

payoff table below,
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| ACTION T
Lt EVENT &n - Drop Ag - Prosacute
; the contact. the contact,

| E, - Contact is
b not a submarine, 30 15
a submarine.

- The utility values in the payoff matrix are relative with respect
to one another. The numbers could all be made posfitive by adding 250 to
each one, and their relative ordering would remain uachanged. iIn addi-

tion, such an adjustment would not affect the final fndication ia the

statistical decision process. The use of positive and negative values
¢ is to provide a sense of physical galn or loss,

The final factor to be considered is the degree of contact uncer-

seaay Lo

tainty. For this example suppose that the fcllowing celative frequency

Al WA SN

- probabilities are available from reconstructed exercises. '

‘ ‘ INITIAL DETECTION INCIDEWTS

: )
Pl valid False Percent
- vehicle/Sensor Detections | Detections | valid ;
. -2 ;‘
! Radar 12 48 20 '
DD
Sonar 40 93 30
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CONTACT CONFIRMATION INCIDENTS

True State of Nature Submarine I Non-Submarine
Vehicle/Sensor 1 Non- % Non- %
Classification Sub, | Sub. | Corr. Sub. | Sub, | Corr.
5-2
Juiie 24 56 30 80 50 40
SH-3
Sonar 30 45 40 56 24 ) 70
DD
Sonar 42z 28 60 60 15 80

The above data are hypothetical, developed for illustrative purposes
only. The data are categorized by initial detection and contact confirm-
ation to provide for the two modes of crew operation. In a confirmation
gsituation the sensor operator, and in fact the entire crew, is in an
"alerted' condition,

These statistics provide the conditional probabilities referred to
in the urn problem. For instance, the helicopter sonar confirmation
data provide the conditional probability P(HSy| £5), the probability
that the helicopter sonar detection system will indicate '"submarine"
when a submarine is actually present. The data give this particular
probability as 0.40,

If Bayes' rule is to be used a final statistic, not obtainable from
the above data, is required. As in the urn problem, the a priori or
inicial probability must be known or approximated. Equate the initial

number of black &nd white balls in the urn to the number of ''submarines®

21
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and "nen-submarines" in the particular ocean area of interest, The re-

quired probabilities are P{E ), the ratio of the rumber of submarines

present to the total number of submarines plus non-submarines preseat;

and P(En)9 the ratio of the number of non-submarines present to the same

total of submarines plus non-submarines.

The non-submarines are the

phenomznon and objects in the oceapr that produce submarine-like indica-

tions £in search sensors.

In the case of airborne systems, suppose that each alrcraft gener-

ates an average of 15 contact incidents for each 10,000 square miles of

search, irrespective of the density of actual submarines. fThis can be

used as an approximation to the total number of submarine and non-sub-

marine contacts in each 10,000 square miles of search area, for each

afrcrafe,

For thfs exanmple, assuming a search area 50 miles on either side of

the convoy track, search cperations will cover 150,000 square miles.

This translates into approximately 225 non-submarine and submarine con-

tacts in the search area available to each search aircraft.

The iantelligence information assumed in this example places 7 to 15

eneny submarines in the same 150,000 square miles of ocean. Suppose

that past exercise operations
will detect 65 percent of the

- L s -n o~
cise seaicn area. Usiag

indicate that

actual number

aircraft detection systems
of submarines in the exer-

and the maximm numbher of

enewmy submarines expected to be in the search area, the number of sub-

marines fa the total population of airborne contact incidents is approxi-

mated at 9.7 .

This line of reasoning produces the following a priori probabilities
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for aircraft searcils systems,

P(E;) = 0.043 P(E,) = 0.957

The ASW commander is aware of the source and sample size of the
statistical information regarding initial detection and contact confirma-
tion. 1In this example suppose that the majority of ex;rcises from which
these data were obtained were conducted in areas of ‘'good" sonar condi-
tions and sea states of 2 to 3. Current sonar conditions are ''good" and
the sea state {s 0 to 1. This information is used to modify the relative
frequency probabilities provided by the data.

Por instance, the conditional probability for initial S-2/radar de-

F tection is indicated as P(Sgl{Eg) = 0.20 . The commander assigns a sub-

jective probability of 0.25 to this detection, based primarily on the
current reduced sea state, The others are modiffed in a similar manner,
where applicable. To summarize the relevant probabilities:

The a priori probabilities:

P(Submarine) = P(B,) = 0.043

P(Non-submarine) = P(E;) = 0.957
Initial detection probabilities: !
S-2 radar: P(SR,|Eg) = 0.25 1
P(SR;|Ey) = 0.75

Confirmation probabilities:

f $-2 Julie: P(sJ_|E) = 0.30 ‘

r (centact) j
‘ P(SJg|Ep) = 0.60
Helicopter sonar: P(HS.|E ) = 0.40

- (contact) '

P(HSg|E,) = 0.30

Helicopter sonar: P(HS,|E;) = 0.60
(no contact)
P(HSy| Ey)

23
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Destroyer sonar: P(DSg| Eg} * 0.60
(contact)

P(DSg| ) = 0.20

Destroyer sonar: P(DSy| Eg) = 0.40

{no contaci}
P(DSy| 24) = 9.80

The a posteriori probability to be determined in this example is
the probability that the contact is a submarine givem the ccuditions
that the S-2 radar classified the contact as submarine; 5-2 Julie classi-
fied it as a submarine; one helicopter classified it ag a submarine; cne
helicopter classified the contact as non-submarine; one destroyer gzines
sonar contact; and one destroyer classified it az non-submarine. 1iIn
symbols, the desired probability is P(EDSg DSp BSp HSs SJs SRg).

1f the initial detection and subsequent ceoniicmaticns are consid-
ered step by step, oie action at a time, the a posteriori probability
determined by one action becomes the a priori probability for the next
action to be considered.

For the initial radar detection, using Bayes' formula,

P(Eg|SRg) = P(SRs|Eg) P(Eg) ‘
P(SR.| Eg) P(Eg) + P(SRg|E;) P(E,)

The a posteriori probability that the contact is a submarine, using the

information gained from the initial detection, is

(0.25) (0.043)
(0.25)(0.043) + (0.75)(0.957)

P(Eg|SRg) = = 0.015.

Next, the information available from the $-2 Julie confirmation is
considered. The a posteriori probability for the initial detection,
P(Eg|SRg), is used as the a priori probability, P(Eg); , for the next

calculation.
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P(SJs!Es) P(Es)1
P(SJgiEg) P(Eg) + P(SJIglEq) F(Zq),
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Se that,

(0.30)(0.015) = 0.0075 .

P(7g S5 5Ty} {07307¢6.15) + (0.60)(0.985)

1

Continuing with each successive information factor, we have
P{Eg|HSg SJg SRg) = 0.00%9,
P{ESINS, #Sg SJg SRg) = 0.0085,
P(Eg{ DS, U5, HSg SJg SRg) = 0.0043,

P(Eg|DS, D3, HS, HSg SJg SR.) = 0.013,

The final 2 posteriori probability that the contact is a submarine
is 0.013. The probability that the contact is not a submarine is one
minus this number, cr 0.987. Putting these values into the payoff matrix

and calculating the sxpected vazlue,

{ PROBA- ACTION
EVENT  srnaty [ Ay | A
E, 0.987 50 -15

E, | 0.013 | -250 | 110

Expected value | 46.1 §-13.4

The decision rule which favors the action with the higher expected
payols would indicate the selection of action Ay, drop the contact. An
azditional criterion is provided when the expected values are considered
within 2 relative frame of reference. .

1f each of the vehicle/zensors had classified the contact as "sub-

marine", tha final 3 posteriori probabilities would have been 0.109 for

25
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event Eg and 0.891 for cvent E - The expected values would have been
~17.3 for action A, and -1.4 for action Ag.

If each classification attempt had resulted in a 'non-submarine’
classification, the probabilities would have been 0.005 for event Eg and
0.995 for event E,. The associated expected values for these probabili-
ties are 48,5 for action A, and -14.5 for action A,.

Intuitively, these two results appear to mark the extreme values
that could be expected from this particular interaction. However, a
wider range of values could occur. This situation is similar to the one
discussed in the urn problem, where it was profitable to "bet against
the individual selecting the ball."

For the submarine contact situationgsone limiting set of values would
cccur if the S-2/Julie sensor classified, the contact as non-submarine and
the other units classified it as a submarine. This would resuit ian prob-
abilities of 0.30 for event Eg and 0.70 for event E . The expected
values would then be -40 for action A, and 22.5 for action Aq.

The other limit would be defined for a §-2/Julie classification of
submarine, with all other units classifying the contact as non-submarine.
The probabilities would then be 0.0014 for event Fg and 0.9986 for event
Ens with expected values of 49.6 for action A and -49.6 for action Ag.

Cowparison of the calculated expected values with the extremo values
which could be anticipated can best he done by referring to the absniute
differences in expected values. This difference in expected values can
be considered &8 a measure of "risk" wien referred to the action with the
lower expected value.

For the calculated values of 46.1 and ~13.4 this absolute difference
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is 59.5 when referred to action Ag. 1In this case, to select action Ag
instead of A, the decision-maker is risking an amount 59.5. A zero risk
value would occur when the expacted values for each action were zero.
The decision-maker would then be indifferent as to the choice of a par-
ticular action,

Calculating the risk values for the limiting conditions, we have

99,2 <+ Maximum value

(63.0) 4 (All vehicle/sensors classify contact as non-submarine)
59,5 4 Actual classification information from vehicle/sensors

0.0 4+ Point of indifference

i

(-15.9)+ (All venhicle/sensors classify contact as sgbﬁarine)

«62.5 4 Minimum value
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This method of comparing expected values provides a measure of
relative magnitudes. It also permits comparisons with other contact
incidents.

Where physical considerations limit the number of contacts that
can be prosecuted simultaneously, a comparison of risk values will indi-

cate the contacts waich can e prosecuted most profitably.
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6. Sensitivity Analysis.

The a posteriori probabilities determined in the previous analysis
were calculated to the third and sometimes the fourth significant figure.
It will be said that it is unrealistic to generate numbers which infer
four place accuracy wher the input probabilities are subjectively deter-
mine.. But it can be argued that the irput probabilities cam he made as
accurate as one desires them to be. If a probability of 0,90 is subjec-
tively assigned for the occurrence of a particular event, an extension
of this same type of subjective evaluation will permit one to opinionize
a probability of 0.9032 with similar subjectivity. Probab.lity in this
sense ig but ordered opinion, and the ordering can be as definitive as
is Tequired,

In this particular application rounding-off probabilities to the
first decimal place would fatally degrade the sensitivity of the indi-
vidual classification inputs. There appears to be sufficient sensitivity
in this type of analysis when input probabilities of two or three signif-
icant figures are uged.

It will be noted that the sample size i{s quite small for initial
contact and confirmation data., A data basc of this size generally is
not consjdered sufficient to provide statistical validity. This factor
must be weighed by the decision-maker in making the final comparison of
risk-values. A change in one of the recorded incidents creates a size-
able change in the conditional probabilities.

In the "submarine’ incidents for DD sonar confirmation, the total
sample size iz 70 -- 42 correct classifications and 28 incorrect clas-

sifications. Thsse figures provide a probability P(DSg| EBg) = 0.60.
8| <8
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A change in one incident, say to 43 correct and 27 incorrect classifica-
tions, would change this probability to 0.615,

The hypothetical sample sizes used in this i{llustrative problem are
intended to emphasize the relatively limited data base that i{s curreatly
available. This shortcoming can be corrected.

Bayes' theorem of conditional probability is far from being a new
idea in statistics. Hewever, opposition to its use has been widespread.
This reluctance has stemmed from the difficulty of cobtaining the required
a priori probabilities. With the historic or relative frequency view of
probability, the prior probabilities are required to be prohibitively
accurate, Introduction of subjective probability, the view that proba-
bilities are a measure cof one's personal opinion, has effectively removed
this obstacle -- provided that this definition for the measurement of
uncertainty is accepted.

This 1is not te say that these probabilities ave arbitrary. The a
priori probability P(E,) is really a conditional probability. It is the
probability of the contact being submarine, based on all of the avail-
able information about enemy submarines in the area, prior to the time
the initial detection is made.

A major advantage in using Bayes' theorem is that two logical but
different a priori probabilities will converge toward the same a poste-
riori probability with successive applications of Bayes' formula. The
a priori information becomes overwhelmed by the successive weighing of
additional information.

Suppose that the initial probabilities in the submarine example had

been §.20 for the contact being a submarine and 0.80 for the probability
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of a non-submarine. These probabilities in the illustrative analysis
were 0,043 and 0.957. With this set of different prior probabilities
the final a posteriori probability would have been 0.065 for the contact
being a submarine, This would have produced a risk value of 37.8. The
minimum and maximum risk then would have been ~232.5 and 61.9.
Experienced ASW commanders would not vary radically in determining
the values for initial probabilities. 1In the highly unlikely circum-
stance that the a priori probabilities were taken as 6.50 and 0.50, an
extreme limit would be reached. This would be the condition of equally
likely occurrence, This situation is sometimes referred to as thes condi-
tion of equal distributfion of ignorance, or the condition of insufficient
reason. Equally likely events are those in which, after exhaustive ex-

amination of the available information influencing the event, one is led
to assume that no particular event will occur in preference to the other.

The following graph compares the two conditions just discussed and
the results of the original analysis.

99,2 61.9~ 53.1 1.0

37.8]1 0.9~

i4

0.8"
59,5/ 0.0+
007"
006'1
005"

0.4 ~

Cr
L]
(4]
-

0.3 -
002-'

0.1"‘

-62.5 - -232.5 - -305.8d 0.0 -
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Line A is the resulting risk-values for the original analysis with
a priori probabilities of 0.043 and 0.957. Prior probabilities of 0.20
and 0.80 determined the results for B. The equally likely case is
vepresented by C. The last line, D, is a scale for the intervals of
risk-values involved. The numbers in boxes are those values determined
by the initial detection and subsequent confirmations. The extrene
values for each case represent the maximum and minimum values that could
have been obtained for the particular vehicle/sensors involved in the
iliustrative incident.

It will be noted that the boxed value is in the upper one-feourth of
the risk interval in each case. As the prior probability for the sub-
marine being present increases, the point of indifference, 0.0, moves
toward the upper limic for the particular interval. This is as expected.
The amount of movement is greater for small values of P(Es).

The prior tonditions for graph A assume that 15 submarines are in
the area of search. For graph B this equates to an assum; tion of 112
submarines in the area. For graph C this number would be 285,

A realistic view of the number of enemy submarines that would be
expected in a given search area will limit the a pricri probabilities
to those less than 0.20. This will tend to reduce the sensitiveness in

the analysis created by large variations in the initial probabilities.
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7. Information Decisions,

In the previous analysis of the submarine contact jncident it was
assumed that the ASW commander was faced with & single contact decision
problem at & specific point during the incident. This will not be the
case in general.

As the tactical situation progresses each contact gained by a sen-
gor, and each period where contact is not made on the potential target,
creates an interim decision point. In the illustrative situation the
arrival of the helicopters in the contact area prior to the arrival of
the destroyers, is an example of one such decision point.

4 decision analysis made at this peint in the incident would have
provided a rigk-value of 61.4, with maximum and minimum values of 62,6
and 45.9. The indication here would have been for a decision to drop
the contact at this point,

However, if no other contact incidents were in progress, or if it
were possible to pursue this contact with a minimum loss of vehicle
utilization, it might be profitable to delay an action decision until
additional information were obtained.

1f additional incidents had been in progress at the time of the ini-
tial contact refbrreq to in the illustration, a comparztive analysis of
risk-values for each incident would have been in order. Such a compari-
son provides a method of evaluating the cost of obtaining additional
information for any one contact incident.

This type of analysis permits the ASW commander to utilize his

availahble forces most effectively,
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8. Tactical Use of the Bayesian Decision Process,

The sea-going officer will view the foregoing analytical procedures
with some trepidation. The mathematical methods are somewhat cumbersome
and involved, or at best impractical for tactical use.

1t might be suggested that a computer program be developed for the
shipboard Navy Tactical Data System which would accomplish the required
mathematical manipulations and display the results. This would be in
keeping with the command and control functions for which this type com-
nuter system was developed. However, the present meagerness of statis-
tical data, coupled with the non-availability of NTDS type computers
for ASW use, postpones a payoff for such a proposal to the distant
future.

A relatively simple method which would accomplish the same task
could be made available to ASW forces at the present time. The avail-
able statistical data for initial detection and contact confirmation
could be reduced to graphic form, This would provide a means for deter-
mining the necessary contact probabilities. Elementary nomographs for
computing expected values also could be made available.

The graphs at the end of this section are examples of the type of
graphs suggested. These samples were developed from the hypothetical
data used in the previcus sutmarine contact illustration.

Figure 1 would be used for the initial contact, Figures 2 through
7 would provide sequential probabilities as the interaction developed.
Figures 8 through 11 are examples of nomographs for computing expected
values,

The probability graphs contain three curves. The solid line
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represents statistical results for the exercise conditions stated in

the chart. The broken lines, labeled (+) and (-), provide a method of

increasing or decreasing the solid-line probabilities by a factor of

0.05. This permites the decision-maker to modify the historical data on

the basis of current environmental conditions.

The a posteriori probability obtained from one graph is used as

the a priori probability for evaluating the information factor next in

sequence,

This type of graphical presentation, based on stored exercise sta-

tistics, can be produced with the use of particular auxiliary equipments

presently available at major computer installations.
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